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Abstract In the present paper we apply the Nash’s theory
of perturbative geometry to the study of dark matter grav-
ity in a higher-dimensional space-time. It is shown that the
dark matter gravitational perturbations at local scale can be
explained by the extrinsic curvature of the standard cosmol-
ogy. In order to test our model, we use a spherically symmet-
ric metric embedded in a five-dimensional bulk. As a result,
considering a sample of 10 low surface brightness and 6 high
surface brightness galaxies, we find a very good agreement
with the observed rotation curves of smooth hybrid alpha-HI
measurements.
1 Introduction
Since the first observations of an apparently additional gra-
vitational effect for the anomalous movement of COMA clus-
ter in 1930 by Zwicky [1] and in the 70’s with the rotation
curve discrepancy [2], dark matter has been a long stand
problem in cosmology and particle physics. Due to the most
physical properties remain unknown, the dark matter prob-
lem has motivated several attempts to obtain a sought-after
well based explanation. Interesting reviews and a check list
for dark matter candidates and some models can be found in
[3–14].
As for its origin, the current thinking is that dark mat-
ter may have appeared in the very early universe, at the
inflationary period and that its gravitational field induced
the perturbations of matter density, eventually producing to-
day’s observed large structures such as galaxies and clusters.
Hence, gravitational perturbation theory has been playing
an essential role in our understanding of how the universe
came to be populated by stars and clusters and other large
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structures. The presently accepted theory is that dark mat-
ter was the cause of that perturbation, but it is not too clear
how dark matter appeared in the first place. As it is well
known, perturbation mechanisms in relativistic cosmology
are plagued by coordinate gauges, inherited from the group
of diffeomorphism of general relativity, making it difficult
to differentiate between a physical perturbation from those
resulting from a mere coordinate transformation. In spite of
its successes in cosmology, the traditional gravitational per-
turbation theory neglects the fact that it also means pertur-
bations (or deformations) of the space-time geometry by a
continuous sequence of local infinitesimal increments of the
metric.
In this paper we try to avoid considerations on exotic
dark matter and concentrate only on the understanding of
the dark matter gravitational field and how it perturbs the
gravitational field of baryons. We show that at least in lo-
cal scale dark matter can be neglected in the rotation curves
problem, regardless of any attributes it may possess.
A concept of smooth perturbations is introduced based
on the generation of geometries by continuous perturbation
introduced by John Nash [15] in 1956. Due to the impor-
tance of this concept in cosmology, we naturally start at the
cosmological scale. Afterwards, we see how such perturba-
tions affect the local structures. It is also shown that Nash’s
embedding theorem essentially translates the original brane-
world program as a embedded space-time. Despite its very
common use in most brane-world models, particular junc-
tion conditions are not considered in this paper.
This paper is organized as follows. In the next section,
we present the smooth perturbation based on Nash’s theo-
rem [15, 16]. The section 3 is devoted to discussion of the
standard Friedman-Lemaître-Robertson-Walker (FLRW) cos-
mology, regarded as submanifold embedded in a five dimen-
sional deSitter bulk that can be perturbed leading to a mod-
ified Friedman’s equation. In section 4 we apply the same
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2procedure to a four dimensional spherically symmetric ge-
ometry embedded in the five dimensional space-time (the
bulk) and obtain the rotation curves of a sample that contains
10 low surface brightness (LSB) galaxies and 6 high surface
brightness (HSB) galaxies. Final comments and foresee fu-
ture works are presented in the conclusion section.
2 Smooth perturbations
As it seems evident, the study of dark matter gravity and
its implications to the formation of structure in the early
universe must naturally start with gravitational perturbation
theory. The traditional perturbation mechanisms in relativis-
tic cosmology are plagued by coordinate gauges, which are
inherited from the group of diffeomorphism of general rela-
tivity. These gauges make it difficult to differentiate between
a true physical perturbation from those resulting from a mere
coordinate transformation. Fortunately there are some very
successful criteria to filter out the latter perturbations in cos-
mology [17–19] but they still depend on a choice of a model.
A lesser known, but far more general approach to gravita-
tional perturbation was developed by J. Nash, showing that
any Riemannian geometry can be generated by a continuous
sequence of local infinitesimal increments of a given geom-
etry [15, 20].
Since this theorem sits at the very foundation of how
geometrical structures are formed and compared, it seems
reasonable that it must be somehow related to the formation
of structures in cosmology. In principle, these deformations
should be associated with shapes or forms of large structures
in the early universe. In this case, the uniqueness and struc-
ture of those forms have to do with Riemann’s geometry.
Rather than being just semantics, this touches a fundamen-
tal issue, namely the lack of precision of Riemannian geom-
etry to determine the curvature of a manifold endowed with
a metric geometry.
Nash’s theorem solves an old dilemma of Riemannian
geometry, namely that the Riemann tensor is not sufficient to
make a precise statement about the local shape of a geomet-
rical object or a manifold. The simplest example is given by
a 2-dimensional Riemannian manifold, where the Riemann
tensor has only one component R1212 which coincides with
the Gaussian curvature. Thus, a flat Riemannian 2-manifold
defined by R1212 = 0 may be interpreted as a plane, a cylin-
der or a even a helicoid, in the sense of Euclidean geom-
etry, which is the basis of our astronomical observations.
Of course, this ambiguity was known by Riemann, who re-
garded the concept of flatness as defining an equivalent class
of manifolds instead of an specific one [21].
However, when we try to apply this concept to relativis-
tic cosmology, specially referring to structure formation, we
require a less ambiguous notion of shape of the observed ob-
ject. The solution to this ambiguity problem was originally
proposed in 1873 by Schlaefli [22], conjecturing that if a
Riemannian manifold could be embedded in another one,
then a decision on its real shape could be made by compar-
ing the Riemann curvatures of the embedded surface with
the one of the embedding space. The formal solution of the
problem took a long time to appear, only after the deriva-
tions of the conditions that guarantee the embedding of any
Riemannian geometry into another, the well known Gauss-
Codazzi-Ricci equations of geometry. The Gauss-Codazzi-
Ricci equations are non-linear and difficult to solve in the
general case. Some simplifications were obtained by assum-
ing that the metric is analytic in the sense that it is a conver-
gence of a positive power series [23, 24]. The most general
solution appeared only in 1956 with Nash’s theorem.
2.1 The Nash’s embedding theorem
Nash’s theorem innovated the embedding problem by in-
troducing the notion of differentiable, perturbative geome-
try: using a continuous sequence of small perturbations of
a simpler embedded geometry along the extra dimensions,
the theorem shows how to construct any other Riemannian
manifold1. (a brief, updated description of Nash’s result can
be found in [16, 27]). Thus, Nash’s approach to geometry
not only solves the ambiguity problem of the Riemannian
curvature, but also gives a prescription on how to construct
geometrical structures by deforming simpler ones.
Reviewing some basic ideas of Nash’s geometric per-
turbation theorem, we suppose we have an arbitrarily given
Riemannian manifold V¯n with metric g¯µν , which is embed-
ded into another Riemannian manifold VD, the bulk space.
Of course, D must be sufficiently large to accommodate the
embedded Vn and the bulk geometry GAB must be given. As-
suming these conditions, we generate another geometry by
a small perturbation g¯µν +δgµν where2
δgµν =−2k¯µνaδya, a = N+1...D (1)
where δya denotes an infinitesimal parameter and where k¯µνa
denote the extrinsic curvature components of V¯n relative to
the extra dimension ya. Using this perturbation we obtain
new extrinsic curvature kµνa, and by repeating the process
we obtain a continuous sequence of perturbations:
gµν = g¯µν +δy k¯µν +δ 2y g¯ρσ k¯µρ k¯νσ · · · (2)
In this way, Nash showed that any Riemannian manifold em-
bedded in the bulk can be generated even if we have a flat
space-time.
1It is worth stressing that this geometric perturbation method was ap-
parently introduced by J. Campbell in a posthumous edition of a text-
book on differential geometry [25] but, unfortunately, with by the use
of analytic conditions[26].
2 Greek indices µ, ν ... refer to the n-dimensional embedded geome-
tries; Small case Latin indices a, b... refer to N extra dimensions; Cap-
ital Latin indices A, B... refer to the bulk. Hereon, we adopt natural
units where the speed of light c is set as c = 1.
3Nash’s original theorem used a flat D-dimensional Eu-
clidean space but this was soon generalized to any Rieman-
nian Manifold, including those with positive and negative
signatures [20]. Although the theorem could be generalized
to include perturbations on arbitrary directions in the bulk, it
would make interpretations more difficult so that we retain
Nash’s choice of independent orthogonal perturbations. The
embedding apparently introduces fixed background geome-
try as opposed to a completely intrinsic and self-contained
geometry in general relativity. This can be solved by defin-
ing the geometry of the embedding space by the Einstein-
Hilbert variational principle, which has the meaning that the
embedding space has the smoothest possible curvature. This
is compatible with Nash’s theorem which requires a differ-
entiable embedding structure [27]. Another aspect of Nash’s
theorem is that the extrinsic curvature are the generator of
the perturbations of the gravitational field along the extra
dimensions, as indicate the eqs.(1) and (2). The symmetric
rank-2 tensor structure of the extrinsic curvature lends the
physical interpretation of an independent spin-2 field on the
embedded space-time.
2.2 Brane-world as an embedded space-time
If one tries to adapt the mathematical embedding structure
to a physical model, the original brane-world idea seems to
comply with this intent. Brane-world models have its root
in a bi-dimensional model [28] proposed an explanation of
why the compact space in Kaluza-Klein theory was not ob-
served. In other words, a confined 4-d observer does not
verify a fifth dimension because it depends on the energy
of observation. In that model, the physical space should be
confined to a potential well embedded in a larger space (the
bulk). In 1998, Arkani-Hamed, G. Dvali and S. Dimopolous
(ADD for short) proposed a solution of the hierarchy prob-
lem of the fundamental interactions[29] giving the basis of
the brane-world theory. It contains essentially three funda-
mental postulates: (a) the space-time or brane-world is an
embedded differentiable sub manifold of another space (the
bulk) whose geometry is defined by the Einstein-Hilbert ac-
tion (therefore this should not be confused with the “brane-
worlds” of string/M-theory); (b) all gauge interactions are
confined to the four-dimensional brane-world (this is a con-
sequence of the Poincaré symmetry of the electromagnetic
field and in general of the dualities of Yang-Mills fields,
which are consistent in four-dimensional space-time only);
and (c) gravitation is defined by Einstein’s equations for the
bulk, propagating along the extra dimensions at tev energy. It
follows from (b) that ordinary matter must also be confined
because it interacts with the confined gauge fields.
The original ADD paper refers to graviton probes to the
extra dimensions, but classically it means that the bulk is lo-
cally foliated by a family brane-world sub manifolds, whose
metric depend on the extra-dimensional coordinates in the
bulk.
A different approach to compactification of extra-dimen-
sions was proposed in the Randall-Sundrum brane-world mo-
del [30, 31] where the 4-d space-time is embedded in the five
dimensional anti deSitter space AdS5. In this model the ex-
trinsic geometry of the universe is passive and reduced to a
boundary condition depending only on the confined sources.
Thus, the extrinsic curvature becomes an algebraic func-
tion of the energy-momentum tensor of matter confined to
the four-dimensional embedded space-time well known as
Israel-Darmois-Lanczos condition [32]. Despite its success
this condition is not unique [33] and cannot be apply to more
than a noncompact dimension which is not the brane-world
in general [34, 35].
2.2.1 The Confinement condition
The four-dimensionality of the space-time manifold is an ex-
perimentally established fact, associated with the Poincaré
invariance of Maxwell’s equations and their dualities, later
extended to all gauge fields. Consequently, all matter which
interacts with these gauge fields for consistency must also
be defined in the four-dimensional space-times. On the other
hand, in spite of all efforts made so far, gravitation has failed
to fit into a similar gauge interaction scheme, so that the
gravitational field does not necessarily have the same four-
dimensional limitations.
The confinement of ordinary matter and gauge fields im-
plies that the tangent components of the general source term
α∗T ∗AB in the bulk space must coincide with the usual 4-d di-
mensional term 8piGTµν where Tµν is the energy-momentum
tensor of the confined sources. Admitting only the gravita-
tional interaction of dark matter, the above discussion im-
plies that dark matter cannot be confined for the same rea-
sons for the confinement of baryons. In fact, we do not know
any other property of dark matter and its propagation in the
bulk, except its gravitational field. It is tempting to sup-
pose that dark matter also propagates in the bulk, so that
the transverse and/or normal components of T ∗AB could con-
tribute to an observable effect in four dimensions. However,
this would necessarily lead us to an exercise on dark matter
modeling. For example, the WIMP model would give the
normal components Tab = ρDMUaUb. This has the important
consequence that the diffeomorphism symmetry is also con-
fined to the brane-world. As a result, the confinement can be
generally set as a condition on the embedding map such that
8piGTµν = G∗ZA,µZ
B
,νT
∗
AB, (3)
ZA,µη
BT ∗AB = 0 ,
ηAηBT ∗AB = 0 .
According to Nash’s theorem the gravitational field, re-
gardless of where its source is located, it is geometrically
4perturbable along the extra dimensions. All that we use is
Nash’s theorem together with the four-dimensionality of
gauge fields and the Einstein-Hilbert principle. Some simi-
lar approaches [35, 36] have been developed with no need of
particular junction conditions and/or with different junction
conditions which led to a plethora of brane-world models
widely studied in literature [37–42].
2.2.2 Brane-world equations in 5-D
The natural choice for the bulk space is Einstein-Hilbert
principle, if for no other reason, but because that principle
represents a statement on the smoothness of the embedding
space. Admitting that the perturbations are smooth (differ-
entiable) then the embedded geometry will be also differ-
entiable. This smoothness of the embedded geometry was a
primary concern of the theorem. The Einstein-Hilbert prin-
ciple leads to the D-dimensional Einstein’s equations for the
bulk metric GAB in arbitrary coordinates
RAB− 12RGAB = α∗T
∗
AB (4)
where T ∗AB denotes the energy-momentum tensor of the known
matter and gauge fields. The constant α∗ determines the D-
dimensional energy scale.
As in Kaluza-Klein and in the brane-world theories, the
embedding space V5 has a metric geometry defined by the
higher-dimensional Einstein’s equations
5RAB− 12
5RGAB = G∗T ∗AB . (5)
where G∗ is the new gravitational constant and where T ∗AB
denotes the components of the energy-momentum tensor of
the known gauge fields and material sources. From these dy-
namical equations we may derive the gravitational field in
the embedded space-times. Taking the tangent, vector and
scalar components3 of eq.(5) and using the previous con-
finement conditions eq.(3) one can obtain (see [16] for the
derivation of these equations in the high-dimensional case)
Rµν − 12Rgµν −Qµν = 8piGTµν (6)
k ρµ;ρ −h,µ = 0 , (7)
where the term Qµν in the first equation results from the
expression of RAB in eq.(5), involving the orthogonal and
mixed components of the Christoffel symbols for the metric
GAB. Explicitly this new term is
Qµν = gρσkµρkνσ − kµνh− 12
(
K2−h2)gµν , (8)
3The third gravitational equation was omitted here due to the fact that
it vanishes in 5-D, but when the higher dimensional space-time is con-
sidered, one can obtain the equation R− (K2−H2)+R(D− 5) = 0,
sometimes called gravitational scalar equation.
where h2 = gµνkµν is the squared mean curvature and K2 =
kµνkµν is the squared Gauss curvature. This quantity is there-
fore entirely geometrical and it is conserved in the sense of
Qµν ;ν = 0 . (9)
It is important to stress that the Israel-Darmois-Lanczos
condition does not follow from Einstein’s equations by them-
selves. To see how it works, consider a Riemannian mani-
fold V¯n with metric g¯µν , and its local isometric embedding in
a D-dimensional Riemannian manifold VD, D= n+1, given
by a differentiable and regular map X¯ : V¯n → VD satisfying
the embedding equations
X A,µX
B
,νGAB = gµν , X
A
,µ η¯
BGAB = 0, η¯Aη¯BGAB = 1, (10)
where A,B = 1..D and we have denoted by GAB the met-
ric components of VD in arbitrary coordinates, and where η¯
denotes the unit vector field orthogonal to V¯n. The extrinsic
curvature of V¯n is by definition the projection of the variation
of η on the tangent plane [43]:
k¯µν =−X¯ A,µ η¯B,νGAB =X A,µν η¯BGAB (11)
The integration of the system of equations eq.(10) gives the
required embedding map X¯ .
Construct the one-parameter group of diffeomorphism
defined by the map hy(p) : VD → VD, describing a continu-
ous curve α(y) = hy(p), passing through the point p ∈ V¯n,
with unit normal vector α ′(p) = η(p) [44]. The group is
characterized by the composition hy ◦ h±y′(p) de f= hy±y′(p),
h0(p)
de f
= p. Applying this diffeomorphism to all points of a
small neighborhood of p, we obtain a congruence of curves
(or orbits) orthogonal to V¯n. It does not matter if the param-
eter y is time-like or not, nor if it is positive or negative.
Given a geometric object ω¯ in V¯n, its Lie transport along
the flow for a small distance δy is given byΩ = Ω¯+δy£ηΩ¯ ,
where £η denotes the Lie derivative with respect to η [44].
In particular, the Lie transport of the Gaussian frame {X¯Aµ , η¯Aa },
defined on V¯n gives
ZA,µ = XA,µ +δy £ηXA,µ = XA,µ +δy ηA,µ (12)
ηA = η¯A+δy [η¯ , η¯ ]A = η¯A (13)
However, from eq.(11) we note that in general η,µ 6= η¯,µ .
The set of coordinates ZA obtained by integrating these
equations does not necessarily describe another manifold.
In order to be so, they need to satisfy embedding equations
similar to eq.(10):
Z A,µZ
B
,νGAB = gµν , Z
A
,µη
BGAB = 0, ηAηBGAB = 1 . (14)
Replacing eq.(12) and eq.(13) in eq.(14) and using the def-
inition eq.(11) we obtain the metric and extrinsic curvature
of the new manifold
gµν = g¯µν −2yk¯µν + y2g¯ρσ k¯µρ k¯νσ (15)
kµν = k¯µν −2yg¯ρσ k¯µρ k¯νσ (16)
5Taking the derivative of eq.(15) with respect to y we obtain
Nash’s deformation condition eq.(1).
Now we can write Einstein’s equations as
5RAB = G∗
(
T ∗AB−
1
3
T ∗GAB
)
. (17)
The Ricci tensor in five-dimension 5RAB may be evaluated
in the embedded space-time by contracting it with the Gaus-
sian frame ZA,µ , Z
B
,ν , Z
A
µηB and ηAηB. Using eq.(1), eq.(14)
and the confinement conditions eq.(3), Einstein’s equations
in eq.(17) become
5Rµν = Rµν +
∂kµν
∂y
−2kµρkρν +hhµν (18)
5Rµ5 = k
ρ
µ;ρ +
∂Γ ρµ5
∂y
(19)
In this sense, it becomes necessary that the embedded
geometry satisfies particular conditions such that Ricci cur-
vature of the embedding space coincides with the extrinsic
curvature of the embedded space-time, that is 5Rµν = kµν ,
which is not generally true. One of these conditions is that
the embedded space-time acts as a mirror boundary between
two regions of the embedding space (see e.g. [32]). In this
case we may evaluate the difference of 5Rµν from both sides
of the space-times and the above mentioned boundary con-
dition holds. However, in doing so the deformation given
by eq.(1) ceases to be. Therefore, to find the deformations
caused by the extrinsic curvature such special conditions are
not applied and they are not needed. A more detailed discus-
sion can be found in [16, 45].
3 The cosmological model
We naturally start at the cosmological scale. In coordinates
(x1,x2,x3,x4) = (r,θ ,φ , t) the FLRW cosmological model
can be expressed as 4:
ds2 =−dt2+a2[ dr
2
1− kr2 + r
2(dθ 2+ sin2θdφ 2)] (20)
In coordinates (r,θ ,φ , t) the Friedman-Robertson-Walker
(FLRW) model can be expressed as [46]:
ds2 =−dt2+a2(t)[dr2+ f 2k (r)(dθ 2+ sin2θdφ 2)]
where fk(r) = r,sinr,sinhr corresponding to k = 0,+1,−1
(spatially flat, closed, open respectively).
One can start finding the solution of Codazzi’s equations
for the FLRW metric in the deSitter bulk
kµ[ν ;ρ] = 0
4This is the same as in [16], but written in a better known coordinate
system, where dr2→ dr2/(1− kr2) and f (r)2→ r2.
of which (7) is just its trace. The general solution of this
equation is
ki j =
b
a2
gi j, k44 =−1a˙
d
dt
(
b
a
)
i, j = 1 . . .3 (21)
Defining B = b˙b , we may express the components of Qµν as
Qi j =
b2
a4
(
2
B
H
−1
)
gi j, Q44 =−3b
2
a4
, (22)
Q =−6b
2
a4
B
H
, i, j = 1..3 (23)
where H = a˙/a is the usual Hubble parameter. After replac-
ing in (6) we obtain Friedman’s equation modified by the
extrinsic curvature [16]:(
a˙
a
)2
+
κ
a2
=
8
3
piGρ+
Λ
3
+
b2
εa4
. (24)
where a(t) is the usual expansion parameter of the Universe.
The same results were independently obtained by the au-
thors in [35] also without assumption of any junction con-
dition. It is important to note that the perturbed term b
2
εa4 in
eq.(24) is differently from that one provided by the Randall-
Sundrum model with the quadratic density term that leads to
a serious cosmological constraints [47]. In ref.([16]) it was
shown that once the Israel-Darmois-Lanczos condition is
imposed on eq.(24), the quadratic density term is obtained.
It was shown in [48] that the contribution of the extrinsic
curvature, b(t), can be given by
b(t) = α0 (a)β0 e∓
1
2 γ(t) , (25)
where all integration constants were combined in α0 and β0
and the term γ(t) denoted by
γ(t) =
√
4η20 a4−3−
√
3arctan
(√
3
3
√
4η20 a4−3
)
. (26)
Alternatively, the modified Friedman equation can be
written as(
a˙
a
)2
+
κ
a2
=
4
3
piGρ+
Λ
3
+κ0a2β0−4eγ(t) (27)
where η0 and κ0 =
b20
a
2α0
0
are integration constants. In addi-
tion, this result in first approximation can be compared with
the phenomenological x-fluid model (XCDM), with state
equation px = ωxρx, which corresponds to the geometric
equation on b(t) which in the particular case when ωx =
ω0=constant, one obtain a simple solution
b(t) = b0(
a
a0
)
1
2 (1−3ω0) (28)
where a0 and b0 6= 0 are integration constants. This solu-
tion is consistent with the most recent observations within
the range −1 ≤ ω0 ≤ −1/3 [16, 48], for ω = −1 results
in ΛCDM cosmological model. Furthermore, the theoret-
ical power spectrum obtained from the extrinsic curvature
perturbation of the FLWR model, is not very different from
the observed power spectrum in the Planck experiment [49].
64 Local Dark Matter Gravity and rotation curves
It is possible that the gravitational field of young galaxies
which are still in the process of formation [50]; in galaxies
with active galaxy nuclei [51]; or even in cluster collisions,
Nash’s perturbations similar to the cosmological case could
be applied, where the metric symmetry is taken to be local,
instead of the homogeneous and isotropic conditions which
lead to the G2 metric symmetry of the standard cosmological
model.
These equations are be understood in the context of the
embedded space-times and with the confinement conditions
for ordinary matter and gauge fields. They do not represent
the whole of general relativity because the principle of gen-
eral covariance does not necessarily apply to the bulk geom-
etry. This follows from the fact that Nash’s perturbations are
restricted to be along the orthogonal directions only.
In order to see how realistic such description is, we ap-
ply it and compare to the observational data. Since in eq.(6)
and eq.(7), the metric and extrinsic curvature are indepen-
dent variables, thus non-trivial cosmological perturbations
are obtained only from a non-vanishing extrinsic curvature.
4.1 The model
Consider a four dimensional spherically symmetric metric
in a form
ds2 = B(r)dt2−A(r)dr2− r2dθ 2− r2 sin2 θdφ 2 .
We can straightforwardly obtain the components of Ricci
tensor as
Rrr =
B′′
2B
− 1
4
B′
B
(
A′
A
+
B′
B
)
− 1
r
A′
A
,
Rθθ =−1+ r2A
(
−A
′
A
+
B′
B
)
+
1
A
,
Rφφ = sin2 θRθθ ,
and also
Rtt =−B
′′
2A
+
1
4
B′
A
(
A′
A
+
B′
B
)
− 1
r
B′
A
,
where we denote dAdr = A
′ and dBdr = B
′.
The gravi-tensor equation in five dimensions can be writ-
ten as
Rµν − 12Qgµν = Qµν (29)
where Q = gµνQµν .
The general solution of Codazzi equation can take the
form
kµν = fµgµν (no sum on µ) , (30)
where fµ represents a set of scalar functions. Thus, consid-
ering the definition of Qµν , we have:
Qµν = f 2µgµν−
(
∑
α
fα
)
fµgµν− 12
(
∑
α
f 2α −
(
∑
α
fα
)2)
gµν ,
where we identify
Uµ = f 2µ −
(
∑
α
fα
)
fµ − 12
(
∑
α
f 2α −
(
∑
α
fα
)2)
δ µµ .
Thus, one can rewrite Qµν in terms of fµ as
Qµν =Uµgµν (no sum on µ). (31)
Since Qµν is a conserved quantity, once can find 4 equations
from ∑ν gµνUµ;ν = 0 which can be reduced to two equa-
tions: {
( f1+ f2)( f3− f4) = 0 ;
( f3+ f4)( f1− f2) = 0 .
and results in
f1 f3 = f2 f4 .
We have two options: f1 = f2 e f3 = f4 f1 = f3 e f2 = f4.
Taking the first option, f1 = f2 = α(r) that leads us to f3 =
f4 = β (r), where α(r) and β (r) are arbitrary functions. In
addition, we can find the Qµν components:
K2 = 2
(
α2(r)+β 2(r)
)
,
h = 2(α(r)+β (r))→ H2 = 4(α(r)+β (r))2 ,
K2−H2 =−2(α2(r)+β 2(r))−8α(r)β (r) .
And we obtain Qµν = Qii+Q j j:
Qii =
(
α2(r)+2α(r)β (r)
)
gii ,
( f or (11) and (22) components) ,
Q j j =
(
β 2(r)+2α(r)β (r)
)
g j j ,
( f or (33) and (44) components).
(32)
and the trace
Q = 2α2(r)+2β 2(r)+8α(r)β (r) . (33)
From eq.(29), we find the Ricci tensor components:
Rii =
(
α2(r)+2β 2(r)+6α(r)β (r)
)
gii ,
( f or (11) and (22) components) ,
R j j =
(
β 2(r)+2α2(r)+6α(r)β (r)
)
g j j ,
( f or (11) and (22) components) .
(34)
Using the R11 and R44 components, we find:
A′
A
+
B′
B
=
(
β 2−α2) , (35)
which can be integrated as
AB = exp
(
−
[∫ (
β 2−α2)rdr−C]) , (36)
where C is a integration constant.
7Using the contour
lim
r→∞A(r) = limr→∞B(r) = 1 ,
and without loss of generality, we can set C = 0 and find
A(r) =
σ(r)
B(r)
(37)
where we denote σ(r) =
∫ (
β 2−α2)rdr.
If we set the another possible option, i.e, f1 = f3 and
f2 = f4, we will end up in the same situation. Thus, setting
α(r) = β (r), it allows us to do
B′′
2B
− 1
4
B′
B
(
A′
A
+
B′
B
)
− 1
r
A′
A
= 9α2(r)A . (38)
and also
− B
′′
2A
+
1
4
B′
A
(
A′
A
+
B′
B
)
− 1
r
B′
A
=−9α2(r)B , (39)
and one can find
A′
A
=−B
′
B
,
thus, AB = constant . Taking the Minkowskian contour
lim
r→∞A(r) = limr→∞B(r) = 1 ,
we have
A(r) =
1
B(r)
.
On the other hand, using the former condition, we can
write the component (θ ,θ) of the Ricci tensor as
Rθθ =−1+B′r+B
and using(39), we find
B(r) = 1+
K
r
+
9
r
∫
α2(r)r2dr , (40)
where K is an integration constant, and also
A(r) = [B(r)]−1 =
[
1+
K
r
+
9
r
∫
α2(r)r2dr
]−1
. (41)
We point out that the B(r) function remains undeter-
mined due to the fact that the α(r) and β (r) functions are
arbitrary which do not allow the integration of B(r). It is
a consequence of the homogeneity of Codazzi equation (7)
which is not possible to be solved in 5-dimensions without
an additional equation or a particular condition. Moreover,
it was shown that the embedding of Schwarzschild space-
time can only be possible in at least six dimensions [52–56].
As a result, one gets a very constrained embedded geometry
which can lead a serious physical consequences depending
on how the extrinsic curvature is taken into account.
In order to attenuate the embedding constraint, we can
try to obtain a solution with a minimum assumption with
the use of the asymptotically conformal flat condition
lim
r→∞kµν = limr→∞α(r) limr→∞gµν . (42)
In first approximation, this condition is simply derived from
the analysis on the behavior of the extrinsic curvature at in-
finity.
As limr→∞ gµν → ηµν , where ηµν is M4 metric, the ex-
trinsic curvature vanishes as it tends to infinity, so the func-
tion α(r) must comply with this condition. Thus, we can
infer conveniently that the function α(r) must be analytical
at infinity such as
α(r) =
√|α0|
rn
, (43)
where α0 is a constant (that represents the influence of ex-
trinsic curvature) and the index n represents all the set of
scalar fields that fall off with r-coordinate following the in-
verse nth power law and n≥ 0 in order to comply with eq.(42).
Using the equations (40) and (43), one can obtain
B(r) = 1+
K(9α0+1)
r
− 9α0
3−2nr
2(1−n) . (44)
In addition, from the eq.(44) one can calculate the gravita-
tional potential and find
Φ(r) =−1− K (9α0+1)
2r
+(9/2)α0
r(2−2n)
(3−2n) . (45)
It is worth stressing to the reader on how the obtained gravi-
tational potential on eq.(45), which without the second term
it resembles the Schwarzschild solution, is affected by ex-
trinsic curvature resulting in a modification so far of the very
symmetric aspect of the original spherical symmetry. This
characteristic will be decisive to deal with the rotation curve
problem.
Thus, using the newtonian expression for a orbiting par-
ticle v(r) =
√
r ∂Φ∂ r the velocity rotation modified by extrin-
sic curvature is given by
v(r)=
√
r|(1/2)K (9α0+1)
r2
+(9/2)α0
(2−2n)r(2−2n)
(3−2n)r | .(46)
In order to make a suitable notation to eq.(46) we set
new parameters β0 and γ0 with a following correspondence
to parameter n and α as
β0 = 2−2n ; γ0 = 92
α0β0
(1+β0)
. (47)
The appropriate relation to the standard gravity is set
when K(9α0+1)2 =GM. Thus, the correct units for the rotation
velocity in eq.(46) are guaranteed. In addition, the bulge is
modeled using Blumenthal’s mass model defined by
M(r) = M?
[
1− (1+ r
rl
) exp
(
− r
rl
)]
. (48)
where rl is the scale length parameter and M? = Mgas +
Mdisk.
8Galaxies D (Mpc) Rc (kpc) Rmax (kpc) MHI(1010M⊙) Mdisk(1010M⊙) Vgas(km/s) Vdisk(km/s) V (km/s) rotation curve
F563-1 45 2.9 17.5 0.29 1.35 32.8 20.8 110.9 fig.01 (a)
F571-8 48 5.4 14.0 0.16 4.48 33.3 34.6 143.9 fig.01 (b)
F579-V1 85 5.2 14.4 0.21 3.33 33.0 34.7 114.2 fig.01 (c)
F583-1 32 1.6 14.0 0.18 0.15 38.2 9.82 86.9 fig.01 (d)
UGC11454 91 3.4 11.9 - 3.15 - - 152.2 fig.02 (a)
UGC11748 73 2.6 21.0 - 9.67 - - 246.5 fig.02 (b)
UGC11819 60 4.7 11.7 - 4.83 - - 262.8 fig.02 (c)
ESO01400040 212 10.1 29.9 - 20.70 - - 262.8 fig.02 (d)
ESO2060140 60 5.1 11.65 - 3.51 - - 118.0 fig.02 (e)
ESO4250180 86 7.3 14.4 - 4.79 - - 144.5 fig.02 (f)
Table 1 Relevant observed properties of 10-LSB galaxies. A larger sample of the data can be obtained in [59, 60] and also with error data in
Mcgaugh’s data base (http://astroweb.case.edu/ssm/data/RCsmooth.0701.dat.)
We consider here only the mass of gas and the mass of
the galactic disk. The mass scale for the primordial He is
given by Mgas = 1.4MHI , where MHI is the mass of the hy-
drogenous 21cm lines that go through the galactic disk to
the outermost regions. As the rotation curve goes up to the
bound of a circular disk one can obtain
v(r) =
√
GM(r)
r
+
GM(r)
rc
γ0
(
r
rc
)β0
. (49)
where rc is the disk scale length.
In terms of the parameters β0 and γ0, it is important to
consider that when the perturbation induced by the extrin-
sic curvature kµν vanishes, it implies that α0 = 0 and also
γ0 = 0, as indicates eq.(47). In this case, we recover the
Schwarzschild solution. On the other hand, when the pa-
rameter β0 vanishes the extrinsic curvature decays as ∼ 1/r
which is not compatible with the observed rotation curves.
Moreover, to comply with eq.(47), the parameter β0 is con-
strained by β0 6= 1 .
The case when β0 = 2 is also neglected even if it induces
umbilicus points as expected for a spherical geometry, but
the presence of such umbilicus is inconsistent with a rotation
curve solution in asymptotic regions where the dark matter
dilemma arises. It resembles a Schwarzschild-deSitter solu-
tion modified by the extrinsic term with a gravitational po-
tential in a form
Φ =−M
r
+C? r2 ,
where C? is an integration constant. Consequently, any point
in the braneworld with the condition Q = −(K2− h2) = 0
or Q = constant must be umbilicus, which means that it
has a non-trivial solution when K = ±h or y = ∓1. This is
not the case of a braneworld in general, and it may occur in
very special situations where all directions dxµ are principal
directions.
With these caveats in mind, we are able to deal with the
rotation curves problem per se.
4.2 The samples
The main criteria used to choose an appropriated sample was
to study galaxies with at least 11kpc and also being asymp-
totic enough to check our model in the region where the dis-
crepancy is most critical. To this end, we chose a sample of
10-LSB galaxies varying from 11.6kpc up to 61.9kpc. As
well known, the LSB galaxies are in principle dark domi-
nated and they provide a good test for a gravitational theory
[59, 60]. The present sample was extract from [59]. The au-
thors in [59] presented a larger sample of 30-galaxies based
on the analysis of high-resolution of smooth hybrid alpha-
HI rotation curves. The measurements were obtained with
long-slit major axis spectra taken with the 4 m telescope at
Kitt Peak in and the 2.5 m telescope at Las Campanas Ob-
servatory. The adopted distances were computed assuming
Hubble constant H0 = 75 km−1 Mpc−1.
The table (1) shows the main values considered to fit
rotation curves. The data of disk scale length Rc, HI gas
mass MHI that extends beyond optical disk and the disk mass
Mdisk were obtained from [60]. In addition, the adopted dis-
tances D, the maximum radius Rmax in kpc for adopted dis-
tance and the main velocities Vgas (rotation caused by the
observed gas), Vdisk (rotation caused by the observed disk
stars) and V (the observed smoothed velocity) were obtained
from [59].
The rotation curves of 10-LSB galaxies are presented in
fig.(1) and (2). It is worth noting that in the fig.(1) we present
the theoretical and the observed rotation curves with solid
lines and error bars respectively. In addition, the observed
quantities of the velocity of the gas (dashed lines) extended
far beyond the visible disk and the velocity caused by disk
stars (starred lines) are also shown. In fig.(2) we show both
theoretical (solid lines) and observed (error bars) rotation
9Galaxies rl γ0 β0 χ2red p
F563-1 2.844 +/- 0.471 0.509 +/- 0.213 0.263 +/- 0.238 0.111 0.9976
F571-8 5.702 +/- 2.703 1.855 +/- 1.94 -0.403 +/- 0.632 0.423 0.9363
F579-V1 2.507 +/- 0.116 0.282 +/- 0.078 0.648 +/- 0.333 0.212 0.9968
F583-1 3.704 +/- 3.458 2.514 +/- 5.783 -0.224 +/- 0.887 0.160 0.9998
UGC11454 4.828 +/- 5.572 2.609 +/- 6.508 -0.493 +/- 1.149 1.434 0.0455
UGC11748 1.771 +/- 0.187 0.423 +/- 0.117 0.082 +/- 0.162 2.618 0.0005
UGC11819 5.791 +/- 14.91 2.406 +/- 13.14 -0.345 +/- 2.820 0.718 0.7353
ESO01400040 5.117 +/- 0.567 1.324 +/- 0.272 0.025 +/- 0.218 0.107 0.9907
ESO2060140 3.974 +/- 7.256 1.238 +/- 4.873 -0.596 +/- 2.903 0.200 0.9984
ESO4250180 5.863 +/- 0.712 1.296 +/- 0.358 0.263 +/- 0.263 0.018 0.9998
Table 2 Fitting parameters for 10-LSB galaxies. The χ2red and the chance p are shown for each galaxy.
Galaxies D (Mpc) Rc (kpc) Rmax (kpc) MHI(1010M⊙) Mdisk(1010M⊙) v(km/s) rotation curve
NGC3726 17.5 3.2 31.47 0.60 3.82 167 fig.03 (a)
NGC3769 15.5 1.5 32.01 0.41 1.36 113 fig.03 (b)
NGC3992 25.6 5.7 49.64 1.94 13.94 237 fig.03 (c)
NGC4100 21.4 2.9 27.07 0.44 5.74 159 fig.03 (d)
NGC4157 18.7 2.6 30.82 0.88 5.83 185 fig.03 (e)
NGC4217 19.6 3.1 18.15 0.30 5.53 178 fig.03 (f)
Table 3 Relevant observed properties of HSB galaxies. A larger sample can be obtained in [61].
curves. The dashed lines indicate rotation curve without ex-
trinsic curvature.
The quantities MHI ,Vdisk and Vgas in table (1) with re-
spect to the following galaxies: UGC11454, UGC11748,
UGC11819, ESO01400040, ESO2060140 and ESO4250180
were not observed or presented a very small amount to take
into account.
In the table (2), the values of rl ,γ0,β0 are presented as
well as χ2red that stands for the reduced χ
2. The chance p
represents the probability of concordance between the model
and the data.
For the fits, we used GnuPlot 4.6 to compute non-linear
least-squares fit applying the Levenberg-Maquardt algorithm.
Since rl ,γ0,β0 are not universal constants, they must vary
from one galaxy to another.
For the HSB galaxies we consider a different sample ex-
tracted from [61]. Following the same criteria as to the LSB
galaxies, we study a minor sample of 6-HSB galaxies with
its radii varying from 18 kpc up to 49.6 kpc in the Ursa Ma-
jor cluster.
In the table (3) we present the main values considered
for evaluating the rotation curves of HSB galaxies. The data
of individual adopted distance D, disk scale length Rc, HI
gas mass MHI and disk mass Mdisk were obtained from [60].
The specific analysis by the authors in [61] was based on
measurements of the HI 21-cm line synthesis image survey
using the Westerbork Synthesis Radio Telescope (WSRT).
The mean distance adopted by the authors for the cluster was
of 18.6 Mpc. As a result, the parameter values rl ,γ0,β0 are
presented in table (4) as well as χ2red for the 6-HSB galaxies.
Concerning values of the obtained χ2red , we noted that
UGC11454 and NGC4157 are near 1. Thus, these cases would
represent only the best-fittings in the sample. Moreover, the
critical value for χ2red would represent a failure of the model
mainly on the ESO4250180 galaxy. Accordingly, the model
could not be used for the rotation curves problems even with
the fits of rotation curves presented in figures (1) and (2) are
very closed to the observed ones.
On the other hand, we must analyze the obtained values
of χ2red with caution. Small values of χ
2
red does not indicate a
poor model, but the uncertainties were conservatively over-
estimated. The authors in [59] reported that error bars can
easily dominate any model fit and constrain the χ2red val-
ues, consequently the goodness-of-fit parameters must as-
sume values smaller than 1 generally. This is due to the dif-
ficulty to obtain fair estimates of the errors on many obser-
vational quantities. In this sense, χ2red values can only tell us
relative merits of different models. As a result, this makes
the error distribution not representable as a random error in
the usual statistical sense. Thus, different smooth procedures
may induce unexpected correlations among data point. For
instance, eventual misalignment between hybrid HI and H-
alpha measurements could induce a bias in data points lead-
ing to a non gaussian distribution and maybe the appearance
of eventual outliers.
If we analyze our obtained χ2red we attend to the con-
straint proposed in [59] that states a probability p which
measures the data and the model compatibilities.
In the next pages, the resulting rotation curves of the
sample of 16-galaxies are presented.
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Fig. 1 The rotation curves of smoothed hybrid HI and H-alpha measurements. The points with the solid lines represent the model prediction.
The velocities of gas extended far the galactic disk are the dashed lines. The starred lines indicate the velocity of stars in the disk. Error bars are
uncertainties in velocity measurements and take into account measurement, inclination and asymmetry uncertainties [59].
Galaxies rl γ0 β0 χ2red p
NGC3726 2.768 +/- 0.296 0.363 +/- 0.087 0.335 +/- 0.124 0.634 0.7689
NGC3769 19.170 +/- 3.898 104.681 +/- 48.950 -1.553 +/- 0.072 0.185 0.9957
NGC3992 13.383 +/- 3.838 9.887 +/- 6.361 -1.120 +/- 0.235 0.390 0.8560
NGC4100 4.515 +/- 3.440 2.0321 +/- 3.764 -0.690 +/- 0.825 1.816 0.0141
NGC4157 3.193 +/- 0.637 0.695 +/- 0.336 -0.160 +/- 0.225 1.121 0.3326
NGC4217 3.944 +/- 8.555 1.623 +/- 8.574 -0.495 +/- 2.721 2.167 0.0044
Table 4 Fitting parameters for HSB galaxies with their individuals statistical parameters χ2red and the chance p .
The values of p in tables (2) and (4) were evaluated using
the standard χ2 test. These values indicate that if p > 0.95
we have a good data plus model fit and p < 0.05 means
an inconclusive analysis (due to systematic effect) or a new
model must be found. The “average” fit is obtained from a
range of 0.05 < p < 0.95.
As a result, we checked that even if the case of ESO4250
180 with the lowest obtained χ2red the model complies with
a good values for p. The fitting parameters in most cases
present a similar pattern as those shown in [59]. However,
it is worth pointing out that 1-LSB and 2-HSB galaxies pre-
sented a peculiar situation.
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Fig. 2 Rotation curves of the second group of 6-LSB galaxies. The solid lines represent the model predictions and the error bars represent the
observed values. The dashed lines are the rotation curve without the extrinsic contribution.
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Fig. 3 Rotation curves of 6-HSB galaxies. The solid lines represent the model predictions and the error bars represent the observed values. The
dashed lines are the rotation curve without the extrinsic contribution.
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The three galaxies UGC11748, NGC4100 and NGC4217
have in common a high χ2red and p < 0.05. Comparing our
results to the data [59], we obtained the same non-representative
value for chance p. For UGC11748 we obtained a similar
chance p compatible with the data. In both cases, χ2 modelred <
χ2 datared indicates that the data were conservatively overesti-
mated.
The NGC4100 galaxy presents strong warps which con-
strain an accurate measurements. For NGC4217 the pres-
ence of a huge bulge, high inclination and HI holes in inner
regions [62] that lead to a steeper rotation curve. As a result,
in this particular group, the systematic effects seems to be
dominant which make the goodness-of-fit test inappropriate
to define a clearer analysis.
The overall conclusion is that the shape of the rotation
curves present in this sample of 16-galaxies was not heavily
affected by the overestimated uncertainties and presents a
similar pattern as shown in literature [59–62].
5 Summary and remarks
In the course of our study, we realized that dark matter can-
not be explained only from the local observations of galax-
ies clusters and merging clusters. One possible explanation
is that the perturbation is made through the intermediation
of the gravitational field of dark matter. If one asks for the
origins of dark matter we end up in the early universe, when
dark matter was supposed to break the cosmological homo-
geneity of baryons thus creating the large structures that are
observed today, such as galaxies and clusters of galaxies. In
this context, the natural starting point to study the dark mat-
ter gravitational field is in the epoch of structure formation.
The local effects of the dark matter gravitational field are ob-
tained from the local limit of the cosmological gravitational
field.
Here we have presented an application of Nash’s the-
orem on the formation of geometrical structures by metric
perturbations as an alternative to the dark matter gravita-
tional perturbation.
In a brief justification, we have discussed that Nash’s
theorem does not only eliminate the ambiguity of Riemann’s
notion of curvature, but it also provides a mathematically
sound way to construct any Riemannian manifold by con-
tinuous perturbations along extra dimensions. We have con-
ceded that the existence of these extra dimensions does not
represent a breakdown of the very sensible intrinsic view of
geometry laid down by Gauss and Riemann. Rather, their
existence improve Riemann’s geometry in the sense that it
restores the relativity of shapes of manifolds, replacing some-
what the absolute notion of curvature described by the Rie-
mann tensor alone by a relative notion of curvature.
Given the Riemann tensor of the bulk (given by
the Einstein-Hilbert principle), then the Riemann tensor of
the embedded space-time acquires a reference standard. The
four-dimensionality of space-time is regarded here as an ex-
perimental fact related to the symmetry properties of
Maxwell’s equations or, more generally, of the gauge the-
ories of the standard model. Thus, any matter that interacts
with gauge fields, including we as observers, must remain
confined to four-dimensions. However, the gravitational in-
teraction does not fit in the same gauge scheme. Therefore,
and in accordance with Nash’s theorem, gravity is regarded
as different from gauge fields, because it is not confined, but
it is perturbable along the extra dimensions.
The metric perturbation and the embedding lead natu-
rally to a brane-world-like higher dimensional structure
which is very similar to the brane-world program, except
that it is not string inspired as suggested by the adjective
“brane”. Furthermore it is completely independent of the
many existing brane-world models.
Most of our mathematical tools are based on strong and
well known results in differential geometry. In particular, the
primary role of the extrinsic curvature in Nash’s perturba-
tions represents an innovation when compared with the tra-
ditional perturbative methods in cosmology. In fact, it repre-
sents a rank-2 symmetric tensor which is independent of the
metric but induces the metric perturbations.
In the cosmological side, we have discussed our results
with the present observational data. In doing so we have
started with cosmology, applying equations (6) and (7) to the
FLRW cosmological model, finding that Friedman’s equa-
tion is modified by the presence of the extrinsic curvature.
The theoretical power spectrum closely compares with the
latest experimental result and our previous results show that
it also agrees with the accelerated expansion of the universe.
In a previous publication we have found that the same ex-
trinsic curvature perturbs Friedman’s equation in such a way
that it is consistent with the observed acceleration of the uni-
verse [48]. Since gravitational perturbation means also ge-
ometry perturbation, the understanding of structure forma-
tion implies in the study on the generation of geometrical
forms in geometry. This goes beyond the classical classic
perturbation theorems used in general relativity, in the line
described by J. Bardeen [17], which admit that the Riemann
geometry of space-time is already established together with
coordinate gauges resulting from the diffeomorphism invari-
ance of the theory.
All astrophysical observations are made as if we were
in the Euclidean 3-space. However, when we finally write a
theory to describe those observations we use a different Rie-
mann geometry. The difficulty is that the objects described
by the chosen geometry (by Einstein), does not necessarily
coincide with the objects described by the observation ge-
ometry. In other words, we cannot be sure that our theoreti-
cally constructed structures using Riemann geometry corre-
spond to what is actually observed. It appears that the recent
14
astrophysical observations are telling us about this geometri-
cal difference. We have shown that even we have a flat space
or metric, a perturbation can be generated in an embedded
space-time. This is essence of Nash’s theorem.
Next we have applied the same equations (6) and (7)
to the study of the local dark matter gravitational field of
galaxies considering a 4-d spherically symmetric metric as
a starting point. It is worth noting that a dark matter compo-
nent was not necessary to invoke. Even with the problematic
group of UGC11748, NGC4100 and NGC4217, where
the systematic effect seems to be more strong entangled, the
overall result presented in the present sample galaxies were
satisfactory with similar rotation curves present in literature.
A possible further step is to extend the sample mainly on the
HSB galaxies to large one. Giant and dwarf galaxies should
be also verified. Eventually, a different geometrical struc-
ture can be used to study possible different effects that such
changing can imprint on the results. An oblate spheroid can
be used since it naturally carries variations of angles, which
can be interesting for dealing with the inclination parame-
ter of galaxies (e.g., NGC4217 presents a high inclination).
In order to obtain a more interesting results, we postponed
to a later paper a more sophisticated statical analysis as we
intend to work with a larger sample.
It is important to point out that the perturbational as-
pects lie in the rotation velocity obtained which is modi-
fied by the extrinsic curvature with the appearance of the
term
[
γ0
(
r
rc
)β0]
. It is interesting to note that this correction
term in eq.(49) resembles a similar expression if one calcu-
lates the rotation velocity for a thin disk using the Weyl co-
ordinates [58] with a potential φcdisk = − 12 (1+ g44)cz=0 =
− 12 (1− e2c0rδ0) where c0 and δ0 are integration constants.
This interpretation seems to be compatible with the fact that
the galaxy core is spherically symmetric and the outermost
regions are disk-like shape.
There are three related problems which deserve further
attention and are presently in progress. The first problem
concerns the compatibility with the various ad hoc brane-
world models, which use dif ferent bulk geometries and or
additional symmetries. The fact that eq.(7) is a homoge-
neous equation (a consequence of confinement condition),
has forced us to appeal to a conformal flat condition (42).
Our explanation is that the embedding equations have two
independent variables gµν and kµν and one missing equa-
tion, which is usually supplied as an additional assumption
in the mentioned models. Regarding kµν as a spin-2 field
over the brane-world, then it must obey an Einstein-like equa-
tion. We already know what is that equation as stated in a
previous communication [48] but the source term is still un-
defined. The second problem concerns inflation. If the ex-
trinsic curvature effect agrees with the power spectrum of
the PLANCK collaboration, then we need to explain how it
relates to the inflaton. In our view, since our arguments in
this paper were all classical, this can only be solved when
a proper quantum theory of the brane-world is developed
along with Nash’s theory of embedded geometries. The third
problem is the explanation of the cosmological constant prob-
lem within the context of the brane-world. As the reader may
have already guessed, the extrinsic curvature must play a
role on that specific problem.
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